CHarTER 10

CIRCLES
I

10.1 Introduction

You may have come across many objectsin daily life, which are round in shape, such
as wheels of a vehicle, bangles, dials of many clocks, coins of denominations 50 p,
Re 1 and Rs 5, key rings, buttons of shirts, etc. (see Fig.10.1). In a clock, you might
have observed that the second’s hand goes round the dial of the clock rapidly and its
tip movesin around path. This path traced by the tip of the second’s hand iscalled a
circle. In this chapter, you will study about circles, other related terms and some
properties of acircle.
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10.2 Circlesand ItsRelated Terms; A Review

Take acompass and fix apencil init. Put its pointed
leg on a point on a sheet of a paper. Open the other
leg to some distance. Keeping the pointed leg on the
same point, rotatethe other leg through onerevolution.
What is the closed figure traced by the pencil on
paper?Asyou know, itisacircle (seeFig.10.2). How
did you get acircle? You kept one point fixed (A in
Fig.10.2) and drew all the pointsthat were at afixed
distancefromA. Thisgivesusthefollowing definition:

The collection of all the points in a plane,
which are at a fixed distance from a fixed point in
the plane, is called a circle.

The fixed point is called the centre of the circle
and the fixed distance is called the radius of the
circle. InFig.10.3, O isthe centre and the length OP
isthe radius of thecircle.

Remark : Note that the line segment joining the
centre and any point on the circle is aso called a
radius of the circle. That is, ‘radius’ is used in two
senses-in the sense of aline segment and also in the
sense of itslength.

You are already familiar with some of the
following concepts from Class VI. We are just
recalling them.

A circle divides the plane on which it lies into
three parts. They are: (i) inside the circle, which is
also called the interior of the circle; (ii) the circle
and (iii) outside the circle, which is also called the
exterior of the circle (see Fig.10.4). The circle and
its interior make up the circular region.

Fig. 10.3

Circle

‘/
Exterior

Fig. 10.4

If you take two points P and Q on acircle, then the line segment PQ is called a
chord of the circle (see Fig. 10.5). The chord, which passes through the centre of the
circle, iscalled adiameter of thecircle. Asin the case of radius, the word ‘ diameter’
isalso used in two senses, that is, asaline segment and also asitslength. Do you find
any other chord of the circle longer than a diameter? No, you see that a diameter is
the longest chord and all diameters have the same length, which is equal to two
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times the radius. In Fig.10.5, AOB is a diameter of
the circle. How many diameters does a circle have?
Draw acircle and see how many diameters you can
find.

A piece of acircle between two pointsiscalled
an arc. Look at the pieces of the circle between two
points P and Q in Fig.10.6. You find that there are
two pieces, one longer and the other smaller
(see Fig.10.7). The longer one is called the major
arc PQ and the shorter one is called the minor arc

PQ. The minor arc PQ is also denoted by PQ and

themajor arc PQ by PRQ, where Rissome point on
the arc between P and Q. Unless otherwise stated,

arc PQ or @ stands for minor arc PQ. When P and
Q are ends of a diameter, then both arcs are equal
and each is called a semicircle.

The length of the complete circle is called its
circumference. The region between a chord and
either of itsarcsis called a segment of the circular
region or smply asegment of thecircle. Youwill find
that there are two types of segments also, which are
the major segment and the minor segment
(see Fig. 10.8). The region between an arc and the
two radii, joining the centre to the end points of the
arc is called a sector. Like segments, you find that

B
Al
P Q

Fig. 10.5
Q
Fig. 10.6
R

Major arc PQ

P Minor arc PQ Q
P \/Q

Fig. 10.7

the minor arc corresponds to the minor sector and the major arc corresponds to the
major sector. In Fig. 10.9, the region OPQ is the minor sector and remaining part of
the circular region is the major sector. When two arcs are equal, that is, each is a
semicircle, then both segments and both sectors become the same and each is known

as a semicircular region.

Major segment

Fig. 10.8

Major sector
0]

Fig.10.9
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EXERCISE 10.1

1. Fillintheblanks:
() Thecentreof acircleliesin of thecircle. (exterior/ interior)
(i) A point, whose distancefromthe centre of acircleisgreater thanitsradiusliesin

of thecircle. (exterior/ interior)

(i) Thelongest chord of acircleisa of thecircle.
(iv) Anarcisa when its ends are the ends of a diameter.
(v) Segment of acircleistheregionbetweenanarcand____ of thecircle.
(vi) A circledividesthe plane, onwhichitlies, in parts.

2. WriteTrueor False: Givereasonsfor your answers.

(i) Linesegmentjoiningthe centretoany point onthecircleisaradiusof thecircle.
(i) A circlehasonly finite number of equal chords.

(i) If acircleisdivided into three equal arcs, eachisamajor arc.

(iv) A chordof acircle, whichistwiceaslong asitsradius, isadiameter of thecircle.
(v) Sector isthe region between the chord and its corresponding arc.

(vi) Acircleisaplanefigure.

10.3 Angle Subtended by a Chord at a Point

Take aline segment PQ and a point R not on the line containing PQ. Join PR and QR
(seeFig. 10.10). Then £ PRQ iscalled the angle subtended by the line segment PQ
at the point R. What are angles POQ, PRQ and PSQ called in Fig. 10.11? Z POQ is
the angle subtended by the chord PQ at the centre O, £ PRQ and £ PSQ are
respectively the angles subtended by PQ at points R and S on the major and minor

arcs PQ.

R

P Q S

Fig. 10.10 Fig. 10.11

Let us examine the relationship between the size of the chord and the angle
subtended by it at the centre. You may see by drawing different chords of acircle and



172 M ATHEMATICS

angles subtended by them at the centre that the longer F

is the chord, the bigger will be the angle subtended

by it at the centre. What will happenif you taketwo A

equal chordsof acircle? Will the angles subtended at N
)

the centre be the same or not? l

E
D

Draw two or more equal chords of acircle and
measure the angles subtended by them at the centre

(seeFig.10.12). You will find that the angles subtended B ¢
by them at the centre are equal. Let us give a proof _
of this fact. Fig. 10.12

Theorem 10.1 : Equal chords of a circle subtend equal angles at the centre.

Proof : You are given two equal chordsAB and CD
of acircle with centre O (see Fig.10.13). You want
to prove that £ AOB = £ COD.

Intriangles AOB and COD, A D
OA=OC (Radii of acircle) N
OB = OD (Radii of acircle)
AB=CD (Given)
Therefore, A AOB = A COD (SSSrule) B C
Thisgives Z AOB = £ COD Fig. 10.13

(Corresponding parts of congruent triangles) ®

Remark : For convenience, the abbreviation CPCT will be used in place of
‘Corresponding parts of congruent triangles’, because we use this very frequently as
you will see.

Now if two chords of a circle subtend equal angles at the centre, what can you
say about the chords? Are they equal or not? Let us examine this by the following
activity:

Take atracing paper and trace acircleon it. Cut
it along thecircleto get adisc. At its centre O, draw
an angle AOB where A, B are points on the circle.
Make another angle POQ at the centre equal to
ZAOB. Cut the disc along AB and PQ
(see Fig. 10.14). You will get two segments ACB
and PRQ of the circle. If you put one on the other,
what do you observe? They cover each other, i.e.,
they are congruent. SOAB = PQ. Fig. 10.14

- -
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Though you have seen it for this particular case, try it out for other equal angles
too. The chordswill all turn out to be equal because of the following theorem:

Theorem 10.2 : If the angles subtended by the chords of a circle at the centre
are equal, then the chords are equal.

The above theorem is the converse of the Theorem 10.1. Note that in Fig. 10.13,
if you take £ AOB = £ COD, then

A AOB = A COD (Why?)
Can you now see that AB = CD?

EXERCISE 10.2

1. Recall that two circles are congruent if they have the same radii. Prove that equal
chords of congruent circles subtend equal angles at their centres.

2. Provethat if chords of congruent circles subtend equal angles at their centres, then
the chords are equal. I

10.4 Per pendicular from the CentretoaChord

Activity : Draw acircle on a tracing paper. Let O
beitscentre. Draw achord AB. Fold the paper along
alinethrough O so that aportion of the chord fallson
the other. Let the crease cut AB at the point M. Then, A B
Z OMA = Z OMB =90° or OM is perpendicular to ‘W

AB. Doesthepoint B coincidewith A (seeFig.10.15)? :

Yesitwill. SO MA = MB. Fig. 10.15

Giveaproof yourself by joining OA and OB and proving theright trianglesOMA
and OMB to be congruent. This example is a particular instance of the following
result:

Theorem 10.3 : The perpendicular from the centre of a circle to a chord bisects
the chord.

What is the converse of this theorem? To write this, first let us be clear what is
assumed in Theorem 10.3 and what is proved. Given that the perpendicular from the
centre of acircleto achordisdrawn and to prove that it bisectsthe chord. Thusinthe
converse, what the hypothesis is ‘if a line from the centre bisects a chord of a
circle’ and what isto be proved is ‘the line is perpendicular to the chord’. So the
converseis:
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Theorem 10.4 : The line drawn through the centre of a circle to bisect a chord is
perpendicular to the chord.

Is this true? Try it for few cases and see. You will
see that it istrue for these cases. Seeif it istrue, in
general, by doing thefollowing exercise. Wewill write
the stages and you give the reasons.

Let AB be achord of acirclewith centre O and
O isjoined to the mid-point M of AB. You have to
prove that OM L1 AB. Join OA and OB
(seeFig. 10.16). In triangles OAM and OBM,

OA=08B (Why ?) Fig. 10.16
AM = BM (Why ?)
OM = OM (Common)

Therefore, AOAM = AOBM (How ?)

Thisgives ZOMA = ZOMB =90° (Why ?)

10.5Circlethrough ThreePaints

You havelearnt in Chapter 6, that two points are sufficient to determinealine. That is,
there is one and only one line passing through two points. A natural question arises.
How many points are sufficient to determine a circle?

Take apoint P. How many circles can be drawn through this point? You see that
there may be asmany circlesasyou like passing through this point [see Fig. 10.17(i)].
Now take two points P and Q. You again see that there may be an infinite number of
circles passing through P and Q [see Fig.10.17(ii)]. What will happen when you take
three pointsA, B and C? Can you draw acircle passing through three collinear points?

Q

(i)

Fig. 10. 17
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No. If the pointslieon aline, then thethird point will
lie inside or outside the circle passing through two
points (see Fig 10.18).

Fig. 10.18
So, let ustake three pointsA, B and C, which are not on the sameline, or in other
words, they are not collinear [see Fig. 10.19(i)]. Draw perpendicular bisectors of AB
and BC say, PQ and RS respectively. Let these perpendicular bisectors intersect at

one point O. (Note that PQ and RS will intersect because they are not parallel) [see
Fig. 10.19(ii)].

0)
Fig. 10.19

Now O lies on the perpendicular bisector PQ of AB, you have OA = OB, asevery
point on the perpendicul ar bisector of aline segment isequidistant fromitsend points,
proved in Chapter 7.

Similarly, as O lies on the perpendicular bisector RS of BC, you get
OB =0C

So OA = OB = OC, which meansthat the pointsA, B and C are at equal distances
fromthepoint O. Soif you draw acirclewith centre O and radius OA, it will also pass
through B and C. This shows that thereis a circle passing through the three points A,
B and C. You know that two lines (perpendicular bisectors) can intersect at only one
point, so you can draw only one circle with radius OA. In other words, there is a
uniquecirclepassing through A, B and C. You have now proved thefollowing theorem:

Theorem 10.5 : There is one and only one circle passing through three given
non-collinear points.
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Remark : If ABCisatriangle, then by Theorem 10.5, thereisaunique circle passing
through the three vertices A, B and C of the triangle. This circle is called the
circumcircle of the A ABC. Its centre and radius are called respectively the
circumeentre and the circumradius of the triangle.

Example 1 : Given an arc of acircle, complete the circle.

Solution : Let arc PQ of acircle be given. We have
to compl ete the circle, which means that we have to
find its centre and radius. Take apoint R on the arc.
Join PR and RQ. Use the construction that has been
used in proving Theorem 10.5, to find the centre and P
radius.

Taking the centre and the radius so obtained, we R \
can complete the circle (see Fig. 10.20).

Fig. 10.20
EXERCISE 10.3

1. Draw different pairs of circles. How many points does each pair have in common?
What isthe maximum number of common points?

Suppose you are given acircle. Give a construction to find its centre.

If two circlesintersect at two points, prove that their centreslie on the perpendicular
bisector of the common chord.

10.6 Equal Chordsand Their Distancesfrom theCentre

Let AB be aline and P be a point. Since there are P
infinite numbers of pointson aline, if you join these
pointsto P, you will get infinitely many line segments
PL, PL,, PM, PL,, PL,, etc. Which of these is the
distance of AB from P? You may think awhile and
get the answer. Out of these line segments, the
perpendicular from PtoAB, namely PM inFig. 10.21, o
will betheleast. In Mathematics, wedefinethisleast AL,L, M L, L, LB
length PM to bethe distance of AB from P. So you

may say that:

The length of the perpendicular from a point to a line is the distance of the
line from the point.

Notethat if the point lieson theline, the distance of thelinefrom the point iszero.

Fig. 10.21
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A circle can have infinitely many chords. You may observe by drawing chords of
a circle that longer chord is nearer to the centre than the smaller chord. You may
observe it by drawing several chords of acircle of different lengths and measuring
their distances from the centre. What is the distance of the diameter, which is the
longest chord from the centre? Since the centrelieson it, the distanceis zero. Do you
think that there is some relationship between the length of chords and their distances
from the centre? Let us seeif thisis so.

A

(i)

Fig. 10.22

Activity : Draw acircle of any radius on atracing paper. Draw two equal chordsAB
and CD of it and al so the perpendiculars OM and ON on them from the centre O. Fold
the figure so that D fallson B and C falls on A [see Fig.10.22 (i)]. You may observe
that O lies on the crease and N fallson M. Therefore, OM = ON. Repeat the activity
by drawing congruent circles with centres O and O” and taking equal chordsAB and
CD one on each. Draw perpendiculars OM and O’N on them [see Fig. 10.22(ii)]. Cut
one circular disc and put it on the other so that AB coincides with CD. Then you will
find that O coincides with O” and M coincides with N. In this way you verified the
following:

Theorem 10.6 : Equal chords of a circle (or of congruent circles) are equidistant
from the centre (or centres).

Next, it will be seen whether the converse of thistheorem istrue or not. For this,
draw acircle with centre O. From the centre O, draw two line segments OL and OM
of equal length and lying inside the circle [see Fig. 10.23(i)]. Then draw chords PQ
and RS of the circle perpendicular to OL and OM respectively [see Fig 10.23(ii)].
Measure the lengths of PQ and RS. Are these different? No, both are equal. Repeat
the activity for more equal line segments and drawing the chords perpendicular to
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Qv S
@) (i1)
Fig. 10.23
them. This verifies the converse of the Theorem 10.6 which is stated as follows:

Theorem 10.7 : Chords equidistant from the centre of a circle are equal in
length.

We now take an example to illustrate the use of the above results:

Example2: If two intersecting chords of acircle make equal angleswith the diameter
passing through their point of intersection, prove that the chords are equal.

Solution : Given that AB and CD are two chords of
acircle, with centre O intersecting at a point E. PQ
isadiameter through E, such that £ AEQ = £ DEQ
(see Fig.10.24). You have to prove that AB = CD.
Draw perpendiculars OL and OM on chordsAB and
CD respectively. Now
Z LOE =180°-90° - £ LEO=90° - £ LEO
(Angle sum property of atriangle)
=90° - Z AEQ =90° — £ DEQ
=90° - ZMEO = £ MOE Fig. 10.24
Intriangles OLE and OME,

ZLEO= ZMEO (Why ?)

ZLOE= Z MOE (Proved above)

EO = EO (Common)

Therefore, A OLE = AOME (Why ?)
Thisgives OL=OM (CPCT)

o, AB = CD (Why ?)



CIRCLES 179

EXERCISE 104
1. Twocirclesof radii 5 cm and 3 cm intersect at two points and the distance between
their centresis 4 cm. Find the length of the common chord.

2. If two equal chords of acircle intersect within the circle, prove that the segments of
one chord are equal to corresponding segments of the other chord.

3. If two equal chords of a circle intersect within the circle, prove that the line
joining the point of intersection to the centre makes equal angleswith the chords.

4. If alineintersectstwo concentric circles(circles
with the same centre) with centreO at A, B, Cand
D, provethat AB = CD (seeFig. 10.25).

5. Three girls Reshma, Salma and Mandip are

playing agame by standing on acircle of radius b
5m drawn in a park. Reshma throws a ball to

Salma, Salmato Mandip, Mandip to Reshma. If

the distance between Reshma and Salma and A

between Salmaand Mandip is 6m each, what is

the distance between Reshma and Mandip? Fig. 10.25

6. Acircular park of radius 20m is situated in acolony. Three boysAnkur, Syed and
David are sitting at equal distance on its boundary each having atoy telephonein
his hands to talk each other. Find the length of the string of each phone.

10.7 Angle Subtended by anArcof aCircle

You have seen that the end points of achord other than diameter of acircle cutsit into
two arcs—one major and other minor. If you take two equal chords, what can you say
about the size of arcs? I's one arc made by first chord equal to the corresponding arc
made by another chord? In fact, they are more than just equal in length. They are
congruent in the sensethat if one arc is put on the other, without bending or twisting,
one superimposes the other compl etely. D

You can verify this fact by cutting the arc,
corresponding to the chord CD from thecirclealong
CD and put it on the corresponding arc made by equal
chord AB. You will find that the arc CD superimpose A C
thearc AB completely (seeFig. 10.26). Thisshows
that equal chords make congruent arcs and
conversely congruent arcs make equal chords of a B
circle. You can state it as follows: Fig. 10.26

If two chords of a circle are equal, then their corresponding arcs are congruent
and conversely, if two arcs are congruent, then their corresponding chords are
equal.
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Also the angle subtended by an arc at the centre
isdefined to be angle subtended by the corresponding
chord at the centre in the sense that the minor arc
subtends the angle and the major arc subtends the
reflex angle. Therefore, in Fig 10.27, the angle
subtended by the minor arc PQ at O is ZPOQ and
the angle subtended by the major arc PQ at O is
reflex angle POQ. P Q

Inview of the property aboveand Theorem 10.1,
thefollowing resultistrue: Fig. 10.27

Congruent arcs (or equal arcs) of a circle subtend equal angles at the centre.

Therefore, the angle subtended by a chord of acircle at its centreis equal to the
angle subtended by the corresponding (minor) arc at the centre. Thefollowing theorem
gives the relationship between the angles subtended by an arc at the centre and at a
point onthecircle.

Theorem 10.8 : The angle subtended by an arc at the centre is double the angle
subtended by it at any point on the remaining part of the circle.

Proof : Given an arc PQ of a circle subtending angles POQ at the centre O and
PAQ at a point A on the remaining part of the circle. We need to prove that
Z POQ =2 Z PAQ.

A A A
P P \ Q
P Q Q
®

(ii) (iii)
Fig. 10.28

Consider thethreedifferent casesasgivenin Fig. 10.28. In (i), arc PQisminor; in (ii),
arc PQ isasemicircle and in (iii), arc PQ is major.

Let usbegin by joining AO and extending it to apoint B.

In al the cases,
ZB0OQ =2 0AQ+ £ AQO

because an exterior angle of atriangleisegual to the sum of the two interior opposite
angles.
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Alsoin A OAQ,

OA =0Q (Radii of acircle)
Therefore, Z OAQ = £ OQA (Theorem 7.5)
Thisgives £ B0OQ =22 0AQ (1)
Smilarly, £ BOP= 22/ OAP 2
From (1) and (2), «£ BOP+ ZBOQ = 2(£ OAP + £ OAQ)
Thisis the same as ZPOQ=2ZPAQ (3)
For the case (iii), where PQ is the major arc, (3) is replaced by

reflex angle POQ = 2 £ PAQ [ |

Remark : Suppose wejoin points P and Q and
form a chord PQ in the above figures. Then A C

Z PAQ is aso called the angle formed in the
segment PAQP.

In Theorem 10.8, A can be any point on the
remaining part of the circle. So if you take any
other point C on the remaining part of thecircle
(seeFig. 10.29), you have

ZPOQ=2/PCQ=2/PAQ P Q
Therefore, £ PCQ = £ PAQ. Fig. 10.29

Thisprovesthefollowing:

Theorem 10.9 : Angles in the same segment of a circle are equal.
Again let us discuss the case (ii) of Theorem 10.8 separately. Here ZPAQ isan angle

in the segment, which isa semicircle. Also, £ PAQ = % £ POQ = % x 180° = 90°.
If you take any other point C on the semicircle, again you get that
Z PCQ = 90°
Therefore, you find another property of the circle as:
Angle in a semicircle is a right angle.
The converse of Theorem 10.9 is also true. It can be stated as:

Theorem 10.10 : If a line segment joining two points subtends equal angles at
two other points lying on the same side of the line containing the line segment,
the four points lie on a circle (i.e. they are concyclic).
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You can see the truth of thisresult asfollows:

In Fig. 10.30, AB isaline segment, which subtends equal angles at two points C and
D. Thatis .

ZACB= ZADB

To show that the pointsA, B, Cand D lieon acircle
let us draw a circle through the points A, C and B.
Supposeit does not passthrough the point D. Then it
will intersect AD (or extended AD) at apoint, say E
(or E).

If pointsA, C, Eand B lieon acircle,

Z ACB= ZAEB (Why?)
Butitisgiventhat £ ACB = £ ADB. Fig. 10.30
Therefore, Z AEB = Z ADB.
Thisisnot possible unless E coincideswith D. (Why?)

Similarly, E” should also coincidewith D.

10.8 CyclicQuadrilaterals

A quadrilateral ABCD iscalled cyclicif al thefour vertices
of itlieonacircle(seeFig 10.31). You will find apeculiar
property in such quadrilaterals. Draw several cyclic
quadrilaterals of different sides and name each of these

as ABCD. (This can be done by drawing several circles B C
of different radii and taking four points on each of them.) v
Measure the opposite angles and write your observations

inthefollowing table. Fig. 10.31
S.No. of Quadrilateral ZA | 4B | £LC| 4D | LA+£ZC|4£B+4D
1
2.
3.
4.
5.
6.

What do you infer from the table?
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You find that ZA + ZC = 180° and £B + £D = 180°, neglecting the error in
measurements. Thisverifiesthefollowing:

Theorem 10.11 : The sum of either pair of opposite angles of a cyclic
quadrilateral is 180°.
In fact, the converse of thistheorem, which is stated below is also true.

Theorem 10.12 : If the sum of a pair of opposite angles of a quadrilateral is
180°, the quadrilateral is cyclic.

You can seethetruth of thistheorem by following amethod similar to the method
adopted for Theorem 10.10.

Example 3: InFig. 10.32, AB isadiameter of the circle, CD isachord equal to the
radius of the circle. AC and BD when extended intersect at a point E. Prove that
Z AEB =60°.

Solution : Join OC, OD and BC.
Triangle ODC is equilateral (Why?)
Therefore, ~« COD = 60°

1
Now, ZCBD = > £ COD (Theorem 10.8)
A
Thisgives £ CBD = 30°
Again, Z ACB = 90° (Why ?)
So, «£ BCE = 180° - Z ACB =90°
Whichgives « CEB = 90° —30° =60°, i.e. £ AEB = 60° Fig. 10.32

Example 4 : In Fig 10.33, ABCD is a cyclic
quadrilateral in which AC and BD are its diagonals.
If £ DBC =55°and £ BAC =45°, find £ BCD.

D
Solution : «Z CAD = 2 DBC = 55°
(Angles in the same segment)
Therefore, < DAB = ZCAD + Z BAC A

= 55° + 45° = 100°
But « DAB + £ BCD = 180°
(Opposite angles of acyclic quadrilateral)
So, « BCD = 180° —100° = 80° Fig. 10.33
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Example 5 : Two circles intersect at two points A
and B. AD and AC are diameters to the two circles
(seeFig.10.34). Provethat B lieson theline segment
DC.

Solution : Join AB.
Z ABD = 90° (Angleinasemicircle)
Z ABC=90° (Angleinasemicircle)
So, ZABD+ ZABC= 90° +90° = 180°
Therefore, DBCisaline. That is B lies on the line segment DC.

>

<L

D C

vs)

Fig. 10.34

Example 6 : Prove that the quadrilateral formed (if possible) by the internal angle
bisectors of any quadrilateral iscyclic. A D

Solution : InFig. 10.35, ABCD isaquadrilateral in
which the angle bisectors AH, BF, CF and DH of F
internal angles A, B, C and D respectively form a
quadrilateral EFGH.
Now, £ FEH = £ AEB = 180° — Z EAB — Z EBA (Why ?) C
1 B
=180° — > (£LA+£B) Fig. 10.35

and £ FGH = £ CGD = 180° — Z GCD — £ GDC (Why ?)

1
=180° - - (£ C+£D)
1 1
Therefore, £ FEH + 2 FGH = 180°— 5 (L A+ £B) +180° - — (£ C+ £ D)

1 1
=360° — 5 (LA+4£LB+£CH+Z D)=3600_§ x 360°
= 360° — 180° = 180°
Therefore, by Theorem 10.12, the quadrilateral EFGH iscyclic.

B
C
EXERCISE 10.5 A
1. InFig. 10.36, A,B and C are three points on a

circlewith centre O such that ~ BOC = 30° and Y
Z AOB =60°. If D isapoint on the circle other 9]
thanthearcABC, find ZADC.

D

Fig. 10.36
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2.

A chord of acircleis equal to the radius of the
circle. Find the angle subtended by the chord at

Q
apoint on theminor arc and also at apoint onthe .
major arc.
InFig.10.37, £ PQR=100°, whereP, Qand R are P —_—

pointson acirclewith centre O. Find £ OPR. R
Fig. 10.37
InFig. 10.38, £ ABC=69°, £ ACB =31°, find D
ZBDC. A
69° AP

(

Fig. 10.38
InFig. 10.39,A, B, Cand D arefour pointson a
circle. AC and BD intersect at a point E such D
that ~ BEC = 130° and £ ECD = 20°. Find My~
Z BAC. >
130°
Bc
Fig. 10.39

ABCD isacyclic quadrilateral whose diagonalsintersect at apoint E. If £ DBC =70°,
£ BACis30° find £ BCD. Further, if AB =BC, find £ ECD.

If diagonalsof acyclic quadrilateral are diameters of the circle through the vertices of
the quadrilateral, provethat it isarectangle.

If the non-parallel sides of atrapezium are equal, provethat itiscyclic.
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9. Two circles intersect at two points B and C. P
Through B, two line segments ABD and PBQ B D
aredrawn to intersect thecirclesat A, D and P,
Q respectively (see Fig. 10.40). Prove that A
ZACP=2/QCD.

C

Fig. 10.40

10. If circlesare drawn taking two sides of atriangle asdiameters, provethat the point of
intersection of these circleslie on thethird side.

11. ABC and ADC are two right triangles with common hypotenuse AC. Prove that
ZCAD=~/CBD.

12. Provethat acyclic parallelogramisarectangle.

EXERCISE 10.6 (Optional)*

1. Provethat theline of centres of two intersecting circles subtends equal angles at the
two points of intersection.

2. Two chordsAB and CD of lengths5 cm and 11 cm respectively of acircleare parallel
to each other and are on opposite sides of its centre. If the distance between AB and
CD is6 cm, find theradius of thecircle.

3. Thelengthsof two parallel chordsof acircleare6 cmand 8 cm. If thesmaller chordis
at distance 4 cm from the centre, what is the distance of the other chord from the
centre?

4. Letthevertex of anangleABC belocated outside acircleand let the sides of theangle
intersect equal chordsAD and CE withthecircle. Provethat Z/ABCisequal to half the
difference of the angles subtended by the chords AC and DE at the centre.

5. Provethat the circle drawn with any side of arhombus as diameter, passes through
the point of intersection of its diagonals.

6. ABCD isaparallelogram. The circle through A, B and C intersect CD (produced if
necessary) at E. Provethat AE = AD.

7. ACandBD arechordsof acirclewhich bisect each other. Provethat (i) ACand BD are
diameters, (ii)) ABCD isarectangle.

8. Bisectorsof anglesA, B and C of atriangle ABC intersect itscircumcircleat D, E and

1 1
F respectively. Provethat the angles of thetriangle DEF are 90° — > A, 90°— > B and

9Q0° lC
5C

*These exercises are not from examination point of view.
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9. Two congruent circles intersect each other at points A and B. Through A any line
segment PAQ isdrawn so that P, Q lie on thetwo circles. Prove that BP= BQ.

10. In any triangle ABC, if the angle bisector of ZA and perpendicular bisector of BC
intersect, prove that they intersect on the circumcircle of the triangle ABC.

10.9 Summary

In this chapter, you have studied the following points:

1. Adcircleisthecollection of al pointsin aplane, which are equidistant from afixed point in
the plane.

Equal chords of acircle (or of congruent circles) subtend equal angles at the centre.

3. If the angles subtended by two chords of acircle (or of congruent circles) at the centre
(corresponding centres) are equal, the chords are equal.

The perpendicular from the centre of acircle to a chord bisects the chord.

5. Theline drawn through the centre of a circle to bisect a chord is perpendicular to the
chord.

There is one and only one circle passing through three non-collinear points.

Equal chords of a circle (or of congruent circles) are equidistant from the centre (or
corresponding centres).

8. Chordsequidistant from the centre (or corresponding centres) of acircle (or of congruent
circles) areequal.

9. If two arcs of a circle are congruent, then their corresponding chords are equal and
conversely if two chords of acircle are equal, then their corresponding arcs (minor, major)
are congruent.

10. Congruent arcs of acircle subtend equal angles at the centre.

11. The angle subtended by an arc at the centre is double the angle subtended by it at any
point on the remaining part of the circle.

12. Anglesin the same segment of acircle are equal.
13. Angleinasemicircleisaright angle.

14. If aline segment joining two points subtends equal angles at two other points lying on
the same side of the line containing the line segment, the four pointslie on acircle.

15. Thesum of either pair of opposite angles of acyclic quadrilateral is 18C°.
16. If sum of apair of opposite angles of aquadrilateral is180°, the quadrilateral iscyclic.



